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Abstract: A novel approach for nanoscale imaging and characterization of the orientation dependence of
electromechanical properties—vector piezoresponse force microscopy ~Vector PFM!—is described. The relation-
ship between local electromechanical response, polarization, piezoelectric constants, and crystallographic
orientation is analyzed in detail. The image formation mechanism in vector PFM is discussed. Conditions for
complete three-dimensional ~3D! reconstruction of the electromechanical response vector and evaluation of the
piezoelectric constants from PFM data are set forth. The developed approach can be applied to crystallographic
orientation imaging in piezoelectric materials with a spatial resolution below 10 nm. Several approaches for
data representation in 2D-PFM and 3D-PFM are presented. The potential of vector PFM for molecular
orientation imaging in macroscopically disordered piezoelectric polymers and biological systems is discussed.
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INTRODUCTION

In the last decade, piezoresponse force microscopy ~PFM!
has been established as a primary technique for imaging
and nondestructive characterization of piezoelectric and
ferroelectric materials on the nanometer scale ~Eng et al.,
2001; Alexe & Gruverman, 2004; Hong, 2004!. The use of
the electromechanical coupling at the tip–surface junction
for imaging polarized regions in ferroelectric polymers was
originally demonstrated by Güthner and Dransfeld ~1992!.
This approach was later extended by Gruverman et al.
~1996a! to nanoscale domain switching and imaging in
ferroelectric thin films and single crystals. The term piezo-
response, introduced by Gruverman et al. ~1996a! for the
description of this voltage-modulated contact mode of
scanning probe microscopy, comes from the fact that the
measured signal is dominated by the piezoelectric deforma-
tion of the ferroelectric sample. In the original papers on
PFM, only the normal component of the tip displacement
related to the out-of-plane component of polarization vec-
tor has been measured, an approach further referred to as

vertical PFM ~VPFM! ~Gruverman et al., 1998!. In 1998,
Eng et al. ~1998, 1999! proposed a lateral PFM ~LPFM!
imaging method for measuring the in-plane component of
polarization by monitoring the angular torsion of the
cantilever. Based on this development, an approach for
three-dimensional ~3D! reconstruction of polarization using
a combination of the VPFM data with two LPFM data sets
obtained at different scanning directions has been devel-
oped ~Eng et al., 1999; Rodriguez et al., 2004!. However, the
lateral and vertical PFM data in these studies were generally
obtained with different sensitivities and therefore could not
be compared directly.

Despite this limitation, the 2D and 3D PFM imaging
methods allow for the first time an insight into the domain
arrangement, domain structure reconstruction, and mecha-
nism of polarization reversal in microscopic ferroelectric
capacitors. However, there is no universally accepted ap-
proach for 3D PFM imaging and data analysis and even the
qualitative interpretation of 2D and 3D PFM data is subject
to a large number of misconceptions.

Here, we summarize the basic principles of PFM,
illustrate what information can be obtained from PFM
experiments, and delineate the limitations of PFM signal
interpretation. In particular, we demonstrate that the quan-
titative measurement of the local electromechanical re-
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sponse vector ~as opposed to measurements of vertical and
lateral PFM maps!, further referred to as vector PFM, is a
unique tool for local crystallographic orientation imaging
in piezoelectric materials, such as micro- and nanocrystal-
line ferroelectric thin films, molecular orientation in ferro-
electric polymers, and biological systems. Several approaches
for PFM signal calibration using external and internal
standards are discussed.

PRINCIPLES OF PIEZORESPONSE
FORCE MICROSCOPY

Piezoresponse force microscopy is based on the detection
of the bias-induced piezoelectric surface deformation. The
tip is brought into contact with the surface, and the
piezoelectric response of the surface is detected as the first
harmonic component, A1v, of the tip deflection, A � A0 �
A1v cos~vt � w!, induced by the application of the periodic
bias Vtip � Vdc � Vac cos~vt ! to the tip. Here, the deflection
amplitude, A1v, is determined by the tip motion and is
given in the units of length. When applied to the piezoelec-
tric or ferroelectric materials, the phase of the electrome-
chanical response of the surface, w, yields information on
the polarization direction below the tip. For so-called c�

ferroelectric domains ~polarization vector oriented normal
to the surface and pointing downward! the application of a
positive tip bias results in the expansion of the sample and
surface oscillations are in phase with the tip voltage, w� 08,
whereas for opposite c� domains, w � 1808. The piezore-
sponse amplitude, A � A1v/Vac, given in the units of nm/V,
defines the local electromechanical activity of the surface.
The difficulty in the acquisition of PFM data stems from
nonnegligible electrostatic interactions between the tip and
the surface, as well as nonlocal interaction between the
cantilever and the surface ~Hong et al., 2001; Kalinin &
Bonnell, 2001, 2004; Huey et al., 2004!. In the general case,
the measured piezoresponse amplitude can be written as
A � Ael � Apiezo � Anl , where Ael is the electrostatic
contribution, Apiezo is the electromechanical contribution,
and Anl is the nonlocal contribution due to capacitive
cantilever–surface interaction ~Hong et al., 2001; Kalinin &
Bonnell, 2002; Harnagea et al., 2003; Huey et al., 2004!.
Quantitative PFM imaging requires Apiezo to be maximized
to achieve predominantly electromechanical contrast. Pro-
vided that the phase signal varies by 1808 between domains
of opposite polarities, indicative of a small capacitive cross-
talk contribution to the signal, PFM images can be conve-
niently represented as A1v cos~w!/Vac, where A1v is the
amplitude of first harmonic of measured response. Experi-
mentally, the collected signal is the output of the lock-in
amplifier, and we refer to the experimental signal as Pr �
aA1v cos~w!/Vac, given in the units of @V# , where a is a
calibration constant determined by the lock-in settings and
sensitivity of the photodiode. The unique feature of the

scanning probe-based techniques is that, in addition to the
vertical displacement, torsion of the cantilever can be
measured as well, thus allowing measurement of both
VPFM and LPFM signals as illustrated in Figure 1. Note
that in general vertical and lateral sensitivities of PFM are
different, and several approaches for calibration have been
suggested ~Peter et al., 2005!. In general, separate recording
of amplitude, 6PR 6, and phase, w, images is a more sensitive
mode of microscope operation.

For future discussion of the PFM image formation
mechanism, we recall the basic principles of atomic force
microscopy ~AFM! ~Sarid, 1991!. The vertical displacement
of the tip, w3

t , results in the bending of the cantilever by
angle ud ; w3

t /L, where L is the cantilever length ~Fig. 2a!.
The deflection of the laser beam reflected from the cantile-
ver is detected by the split photodiode. Under normal con-
tact mode imaging conditions, the AFM employs a feedback
loop to keep the cantilever deflection at a set-point value by
adjusting the height of the cantilever base while scanning.
This feedback signal thus provides a topographic image of
the surface, which is relatively insensitive to the exact details
of cantilever and tip motion. However, PFM imaging is based
on the direct measurement of the changes in cantilever an-
gle. For purely vertical motion of the tip ~Fig. 2a!, the mea-
sured photodiode signal can be directly related to the tip
displacement using a suitable calibration procedure, because
A � w3

t . However, an additional contribution to the deflec-
tion signal will originate from the buckling oscillations of
the cantilever, as illustrated in Figure 2b. Although these
oscillations do not change the position of the tip, the change
in the deflection angle will be recorded as apparent height
contrast. Buckling of the cantilever is the primary source of
the nonlocal electrostatic signal contribution to the PFM
contrast and can be reduced by using sufficiently stiff canti-
levers ~Kalinin & Bonnell, 2004!. Similarly, the longitudinal
motion of the tip end, w1

t , will also result in the cantilever
bending ud;w1

t /H, where H is the tip height. This nontriv-
ial detection mechanism must be taken into account in the
interpretation of the PFM data as discussed below.

ELECTROMECHANICAL MEASUREMENTS
BY PFM

In the general case of a piezoelectric sample with arbitrary
crystallographic orientation, application of the bias to the
tip results in the surface displacement, w, with both normal
and in-plane components, w � ~w1, w2, w3!. The usual
assumption in the interpretation of PFM data is that the
displacement of the tip apex in contact with the surface is
equal to the surface displacement, wt � w. It has been
shown that this is generally true for the normal component
of the tip displacement, w3

t � w3 ~Karapetian et al., 2005!,
because the effective spring constant of the tip–surface
junction is typically 2–3 orders of magnitude higher than
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the cantilever spring constant. This approximation breaks
down in the cases when the spring constant of the tip–
surface junction becomes comparable to the spring con-
stant of the cantilever, when, for example ~a! PFM imaging
of soft materials, such as ferroelectric polymers or biological
systems, with large spring constant cantilevers or ~b! PFM
imaging at frequencies well above the first resonance fre-
quency of the cantilever when the dynamic stiffening effects
are important.

Alternatively, amplification of the effective PFM signal
is possible due to the onset of the regime when the tip loses
contact with the surface, when, for example ~c! PFM imag-
ing at the cantilever resonances or ~d! using high modula-
tion amplitudes.

These phenomena can be adequately described using
dynamic models that take into account the frequency-
dependent oscillatory behavior of the cantilever. The linear
model ~tip oscillation magnitude is proportional, rather
then equal, to surface displacement! then can be still ap-
plied using a proper calibration approach, provided that
dynamic characteristics of the system ~e.g., spring constant
of the tip–surface junction! do not vary.

The origins of the in-plane component of electrome-
chanical response are much less understood. It is generally
agreed that the use of a conventional four-quadrant photo-
detector allows the lateral piezoresponse component in the
direction normal to the cantilever axis ~lateral transversal
displacement! to be determined as torque of the cantilever.
Thus, if the cantilever orientation is given by the vector n �

~cos uc, sin uc,0!, where uc is the angle between the long axis
of the cantilever and x-axis of the laboratory coordinate
system, the lateral PFM signal is proportional to the projec-
tion of the surface displacement on the vector perpendicu-
lar to the cantilever axis, PRp � b~�w1 sin uc � w2 cos uc!
~Fig. 2c!. For a low-symmetry surface, the relationship be-
tween the piezoresponse and surface displacement can be
more complex and b can be a second rank tensor; however,
due to the difficulty in determining the relevant parameters,
such description is unlikely to be practical.

The fundamental difference between VPFM and LPFM
is that in the latter case the displacement of the tip apex can
be significantly smaller than that of the surface, for exam-
ple, due to the onset of sliding friction ~Bdikin et al., 2004!.
Therefore, whereas in VPFM the response amplitude is
expected to scale linearly with the modulation amplitude, in
LPFM the response amplitude will eventually saturate.

Another issue in the LPFM imaging, which, to our
knowledge, has not yet been reported,1 is the presence of the
piezoresponse component along the cantilever axis ~longitu-
dinal displacement!, PRl � c~w1 cos uc � w2 sin uc!, as illus-
trated in Figure 2d. As discussed above, the vertical
displacement of the cantilever is measured through the deflec-
tion angle of the cantilever, ud ; h/L, where L is cantilever
length. Surface displacement along the cantilever axis will
also result in the change of deflection angle. If the surface

1This effect is partially considered by Abplanalp ~2001!.

Figure 1. a: Vector nature of the electromechanical response. Schematics of vertical ~b! and lateral ~c! PFM detection.
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displacement and the tip displacement are equal, the deflec-
tion angle is ud ; h/H, where H is tip height. Given that
typically H �� L, this implies that the “vertical” PFM signal is
more sensitive to the lateral longitudinal surface displace-
ment than the vertical surface displacement! This difference
in signal transduction mechanism is also observed for lateral
PFM signal ~Peter et al., 2005!; however, unlike longitudinal
and vertical modes, the coupling between normal and tor-
sional modes of rectangular cantilever oscillations is gener-
ally weak ~Jeon et al., 2004! and can be ignored.

On close inspection of existing experimental data on
model systems ~Abplanalp, 2001; Ganpule, 2001; Harnagea
2001; Kalinin 2002!, such as a and c domains on BaTiO3

~100! surface, a nonzero VPFM signal can in some cases be
observed over a-domain regions with in-plane polarization.
However, this signal is much weaker than that in c-domain

regions. Although a complete description of this behavior is
unavailable, it can be argued that the longitudinal surface
displacement is not effectively transmitted to the cantilever
due to the onset of sliding. This contribution of the lateral
longitudinal surface displacement to the vertical signal can
be determined from comparison of VPFM images obtained
for different cantilever orientations in the X–Y plane as
discussed below.

It is important to emphasize that the simple combina-
tion of VPFM and LPFM measurements is insufficient to
unambiguously determine the 3D piezoresponse vector for
an arbitrarily oriented sample. Indeed, in the general case,
all three component of w � ~w1, w2, w3! are unknown. The
VPFM signal is PRv� aw3 � c~w1 cos uc � w2 sin uc!, whereas
the LPFM signal gives information on the linear combina-
tion of in-plane components, PRl � b~�w1 sin uc � w2 cos uc!.

Figure 2. a: Vertical tip displacement in beam-deflection AFM is achieved through the detection of cantilever deflection
angle. b: Distributed force results in cantilever buckling and change in the deflection angle, detected as apparent
tip-height change. c: Contributions to cantilever deflection. In-plane cantilever orientation in the arbitrary laboratory
coordinate system including lateral ~perpendicular to the cantilever axis! and longitudinal ~along the cantilever axis!
components. d: Longitudinal surface displacement along the long cantilever axis results in the change in deflection
angle, providing contribution to the VPFM signal.
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Generally the proportionality coefficients between the dis-
placement vector and the measured signal are unknown and
are different for vertical and lateral PFM ~Peter et al., 2005!,
that is, a � b, thus providing an additional limitation on
data interpretation. Hence, we suggest that complete 3D re-
construction of electromechanical response vector from
VPFM and LPFM data is possible only if c �� a, that is, the
contribution of the surface displacement along the cantile-
ver axis to the VPFM signal is small, and the following con-
ditions are fulfilled:

1. Absolute vertical and lateral sensitivities are carefully
calibrated ~e.g., using approach for friction force micros-
copy calibration by Ogletree et al., 1996, and More et al.,
2005, or calibrated piezoactuators by Peter et al., 2005!,
and the material is homogeneous ferroelectric, that is,
6w6 � const, providing the third equation to determine
components of w.

2. The number of possible orientations of polarization
vectors is known and limited.

The latter case may include single crystals cut along the
major crystallographic planes, such as BaTiO3 ~100! with six
possible polarization orientations, epitaxial thin films, or
textured polycrystalline films with well-defined crystallo-
graphic orientation ~e.g., PZT films in a tetragonal phase!.
Although the knowledge of the crystallographic structure of
material is sufficient to reconstruct the polarization orienta-
tion in single crystals, this task is more challenging in thin
films and ceramic materials with random grain orientation
~Roelofs et al., 2000; Munoz-Saldana et al., 2003!. In addi-
tion, information on the response component along the
cantilever is usually difficult to obtain and in most cases
only a 2D image can be acquired. The reason is that the
sample has to be physically rotated with respect to the
cantilever, as a simple change of the scan angle will not
produce this result. This requirement significantly limits the
applicability of this approach, because it necessitates locat-
ing the same microscale region on the surface after sample
rotation, a task that is possible only for the samples with
clear microscopic topographic markers.

Complete 3D reconstruction of the polarization vector
has been performed by Eng et al. ~1999! for a barium
titanate crystal using a combination of lateral and vertical
PFM. Well-defined water marks on the surface were used as
position markers. Rodriguez et al. ~2004! have suggested
using this approach for 3D polarization reconstruction in
micrometer-size ~111!-oriented PZT capacitors. In this case,
sequential acquisition of two LPFM images at two orthogo-
nal orientations of the sample with respect to the cantilever,
further referred to as x-LPFM and y-LPFM images, has
been accomplished by using the etched top electrodes as
topographic markers.

During these measurements, the laboratory coordinate
system is selected such as uc � 0 for x-PFM and uc �p/2 for
y-PFM. Thus, the x-LPFM signal is xPRl � bw2, the corre-

sponding vertical PFM signal is xPRv � aw3 � cw1, the
y-LPFM signal is yPRl � bw1, and the y-VPFM signal is
yPRv � aw3 � cw2. Note that for the flat and mechanically
isotropic surface the proportionality coefficient, b, between
the measured LPFM signal and the surface displacement
can be assumed to the same for both x-LPFM and y-LPFM
measurements. Thus, the relationship between measured
piezoresponse signals and the surface displacement vector is

�
xPRv
xPRl

yPRv
yPRl

� � �
c 0 a

0 b 0

0 c a

b 0 0
� �w1

w2

w3

� . ~1!

This analysis can be extended for nonorthogonal scan
directions in a straightforward manner. For known a and b,
equation ~1! allows the contribution of the longitudinal
displacement to the VPFM signal to be determined from the
ratio b � ~xPRv � yPRv!/~xPRv � yPRv!, a spatial map of
which allows the contribution of longitudinal surface dis-
placement to the VPFM signal to be determined. If b ,, 1
within the image, the VPFM signal is artifact free.

In the future analysis, we will assume that vertical PFM
does not contain a significant contribution from the longi-
tudinal surface displacement, as suggested by experimental
observations ~e.g., vertical PFM signal is typically small for
in-plane domains, etc.!. In this case, x-VPFM and y-VPFM
images are identical, xPRv� yPRv� vPR, and equation ~1!
becomes

�
xPRl

yPRl

vPR
� � �

0 b 0

b 0 0

0 0 a
� �

w1

w2

w3

� . ~2!

Equation ~2! contains two independent calibration con-
stants, a and b. The calibration constant for the VPFM sig-
nal, a, can be determined in a straightforward way by using
an external reference, for example, a piezoelectric sample
with well-known piezoelectric constants, such as quartz, in
the integral excitation ~metal-coated top surface! configura-
tion ~Christman et al., 1998; Ganpule, 2001, Peter et al.,
2005!. Alternatively, the sample can be mounted on a cali-
brated piezoelectric transducer and surface vibration at low
frequencies below the cantilever and transducer resonances
can be used to calibrate the tip oscillation amplitude. The
calibration constant for lateral PFM is generally unknown
and strongly depends on the properties of the tip–surface
contact ~e.g., sliding, tip wear, etc.!. Two approaches for lat-
eral PFM calibration, that is, determination of constant b,
can be considered. In the first case, the LPFM signal is mea-
sured on the material with known properties ~e.g., BaTiO3

~100!! and the linearity of response with driving amplitude
~i.e., absence of sliding friction! is verified. This approach is
limited by the lack of exact solutions for lateral deformation

MAM12~3! 06015 5/15 02/10/06 3:42 pm Page: 5

Vector Piezoresponse Force Microscopy 5



in PFM geometry ~an approach for semiquantitative interpre-
tation of LPFM data is presented in the section on crystal
orientation effects below! and high sensitivity to surface con-
ditions. In the second case, the sample is mounted on the
shear oscillator and surface displacement is then calibrated
self-consistently, similar to the VPFM case, as recently dem-
onstrated by Peter et al. ~2005!.

An alternative approach for relative calibration of sen-
sitivities of VPFM and LPFM signals ~i.e., determination of
the a/b ratio, rather then absolute values of these constants!
is based on an internal calibration standard, utilizing the
fact that PFM provides an image, rather than a single-point
measurement. Provided that partial information on mate-
rial structure is available, magnitudes of VPFM and LPFM
signal from different regions can be compared. For exam-
ple, for a BaTiO3 ~100! surface with a cantilever oriented
along the ~010! axis, the VPFM signal is nonzero in
c-domains, whereas the LPFM signal is nonzero for the a
domain. Because the absolute values of the electromechan-
ical response in these cases are known, the relative sensitiv-
ities of LPFM and VPFM can be determined by comparing
the signal strength from different regions and then used for
imaging, for example, ceramics with an unknown crystallo-
graphic orientation. A similar approach can be applied for
systems with a finite number of known crystallographic
orientations, when the PFM response corresponding to the
dominant orientation can be determined as the maxima on
the statistical response histograms.

Thus, the following approaches to the PFM measure-
ments are possible, depending on the dimensionality of the
obtained data set ~1D, VPFM; 2D, VPFM and LPFM; 3D,
VPFM and x, y-LPFM!, knowledge of the relative calibra-
tion of VPFM and LPFM data ~i.e., the a/b ratio is known!,
and absolute calibration ~a and b are known!. In the case of
2D and 3D PFM, relative calibration of vertical and lateral
signals allows combining them to produce an electromechan-
ical vector field, an approach we refer to as vector PFM. The
following cases are possible:

1. VPFM: Only a normal component of the surface displace-
ment vector is measured. This method provides compre-
hensive information on piezoelectric activity for uniaxial
crystals and thin films with the polar axis normal to the
film surface.

2. 2D-PFM: VPFM and complementary x-LPFM images
are acquired. The normal component of the piezore-
sponse vector and the transversal component of the
in-plane piezoresponse ~normal to the cantilever axis!
are mapped. The longitudinal component of the in-
plane piezoresponse ~along the cantilever axis! is un-
known. If the relative calibrations of VPFM and LPFM
are unknown, these measurements provide complemen-
tary maps of the vertical and lateral electromechanical
response. If the VPFM and LPFM data are calibrated ~2D
vector PFM!, they can be combined to form a quantita-
tive 2D electromechanical vector map.

3. 3D-PFM: VPFM, x-LPFM, and y-LPFM images are ac-
quired. All three components of the piezoresponse vector
are known. If the relative calibrations of VPFM and LPFM
are unknown, these measurements provide complemen-
tary maps of the vertical and lateral electromechanical
response. The in-plane data sets can be combined to form
an in-plane 2D vector map. If the lateral and vertical
signals are calibrated ~3D vector PFM!, a complete descrip-
tion of the local electromechanical response is obtained.

Note that in 2D and 3D vector PFM, calibration of the
response components, using, for example, an external oscil-
lator or internal standard, allows maximizing the amount of
information the experiment provides. In some cases, the
system can be overdetermined if additional constraints on
the response vector exist. For example, for homogeneous
ferroelectrics, the condition w1

2 � w2
2 � w3

2 � const provides
an additional constraint and a combination of VPFM,
x-LPFM, and y-LPFM is now sufficient to completely recon-
struct the displacement vector, even if calibration, that is,
the a/b ratio, is unknown. For inhomogeneous ferroelec-
trics such as two-phase materials and biological systems,
a/b must be known for rigorous 3D reconstruction of the
response vector.

RELATIONSHIP BETWEEN MECHANICAL
DISPLACEMENT AND MATERIALS
PROPERTIES

The next step in the interpretation of the PFM data is de-
tailed analysis of materials properties that can be extracted
from the displacement vector. Assuming the scanning probe
microscope is calibrated, the set of the piezoresponse data
can be converted into the full electromechanical response
vector, w � ~w1, w2, w3!. Here, we discuss what information
on local materials properties can be obtained using this ap-
proach. In the following discussion, we assume that the PFM
is calibrated and vPR � w3/Vac, xPRl � w2/Vac, and yPRl �
w1/Vac now correspond to surface displacement amplitudes
in the laboratory coordinate system linked to cantilever ori-
entation introduced in the preceding section.

The piezoelectric properties of materials are described
by the third-order piezoelectric constant tensor, dij , where
i � 1, . . . ,3, j � 1, . . . ,6, that defines the relationship between
the strain tensor and the electric field: Xj � dij Ei ~Cady,
1964; Nye, 1985!. Here, the components of dij are given in
the laboratory coordinate system in which axis 3 is normal
to the surface and axis 1 is oriented along the long canti-
lever axis and the reduced Voigt notation2 is used.

2Due to symmetry, the indices i, j in full piezoelectric coefficient tensor,
dijk, and strain tensor, Xij , can be substituted as 11 r 1, 22 r 2, 33 r 3,
12r 6, 13r 5, 23r 4.
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The piezoresponse signal measured in the PFM experi-
ment has the same dimensionality as piezoelectric con-
stants, suggesting the close relationship between dij and
components of the electromechanical surface response vec-
tor. This is remarkable, because PFM is thus an SPM tech-
nique that is sensitive to the tensorial properties of materials.
However, this relationship also greatly complicates data
interpretation, as discussed below.

For example, the piezoelectric constant d33 determines
the mechanical response in the z direction due to the
electric field in the z direction and is typically identified
with the VPFM signal ~Gruverman et al., 1996b; Rodriguez
et al., 2004!. For the same tip-sample geometry, the x-LPFM
signal was proposed to be related to d32 ~displacement in the
y direction due to the field in the z direction! and the
y-LPFM signal to be proportional to d31 ~displacement in
the x direction due to the field in the z direction!. However,
LPFM measurements of the vertically oriented c domains in
BaTiO3 ~100!, for which d31 � d32 � 0, show that x-LPFM
and y-LPFM signals are identically zero; this behavior can
also be expected from symmetry arguments.

To resolve this apparent inconsistency, we recall that
strain and displacement are not equivalent, and, in general,
the strain tensor is related to the component of the displace-
ment vector, u � ~u1, u2, u3!, as

Xij � �
]u1

]x1

1

2
� ]u1

]x2

�
]u2

]x1
� 1

2
� ]u1

]x3

�
]u3

]x1
�

1

2
� ]u1

]x2

�
]u2

]x1
� ]u2

]x2

1

2
� ]u2

]x3

�
]u3

]x2
�

1

2
� ]u1

]x3

�
]u3

]x1
� 1

2
� ]u2

]x3

�
]u3

]x2
� ]u3

]x3

� .

~3!

Therefore, relating the displacement to the electric field
requires the system of partial differential equations ~3! to be
solved for proper boundary conditions. For an ideal case of
a uniform electric field in the z direction, that is, E � zE3,
the strain components are Xj � dj3 Es, j � 1, . . . ,6. For the
rectangular symmetric piezoelectric block, the displacement
at the center is u � ~d35V, d34V, d33V !, as derived in Appen-
dix A. Thus, for this model geometry, the VPFM signal is
indeed determined by the piezoelectric constant d33, vPR �
d33, whereas the LPFM signals are determined by the shear
components of the piezoelectric constant tensor, xPRl � d35

and yPRl � d34, and the components d31 and d32 result in
axially symmetric deformation of material that does not
contribute to displacement at the center.

Currently, there are two main paradigms in PFM mea-
surements. First, in the local excitation case, the bias is
applied to the SPM tip that acts as a movable top electrode.
The electric field in this case is highly nonuniform and
reminiscent of that produced by the point charge. Second,
in the integral excitation case, the bias is applied to a
deposited top electrode in contact with the SPM tip, thus

generating a uniform electric field in the sample. In both
cases, the SPM tip acts as a sensor for the local surface
displacement ~Gruverman, 2004!.

The rigorous solution for image formation mechanism
in PFM in the local excitation case was obtained by Kalinin
et al. ~2004! using the exact solutions for piezoelectric
indentation developed by Karapetian and Kachanov ~Kara-
petian et al., 2002, 2005!. This solution is currently available
only for transversally isotropic materials, corresponding to
such systems as c�-c�-domain structure in BaTiO3, period-
ically poled LiNbO3, and other uniaxial ferroelectric crys-
tals. In these cases, the lateral response is zero due to
symmetry, xPRl � yPRl

� 0. The exact solution for the
vertical PFM signal has shown that, for a broad range of
materials, the absolute value of the piezoresponse signal is
close to the d33, with the deviation from this value being
most significant for materials with strong anisotropy of the
dielectric constant tensor. Thus, the approximation of vPRl �
d33, although, strictly speaking, being incorrect, does pro-
vide a good first approximation. An improved simple esti-
mation taking into account the electric field distribution in
the material was obtained by Rabe et al. ~2002!. For materi-
als with lower symmetry, the LPFM signal is nonzero.
Although the exact analytical solutions are no longer avail-
able for these cases, following the analogy with VPFM, the
estimate xPRl � d35 and yPRl � d34 can be assumed to
provide a first approximation for the description of the
LPFM data, even though either analytical solutions or nu-
merical simulations are required to prove this conjecture.

In the integral excitation case, the electric field is essen-
tially uniform. For continuous thin films, the mechanical
constraints at the bottom film interface will result in the
renormalization of the effective piezoelectric constants as
analyzed by Ouyang et al. ~2004!. The PFM signal in this
case will be expressed through the components of the
renormalized dij tensor, which now accounts for mechanical
constraints ~zero strain in the film plane!. For patterned
ferroelectric structures, such as etched nanoislands ~Gan-
pule et al., 1999!, the difference in the mechanical condi-
tions in the center of the island and on the circumference
can result in a complex response, including a change in
substrate geometry, and so forth ~Nagarajan et al., 2003; Li
et al., 2004!. This effect can be easily understood from the
example in Appendix A, which shows that the contribution
from the piezoelectric constants d31 and d32 to the displace-
ment in an arbitrary point ~off-center! of the piezoelectric
island is nonzero.

To summarize, in the local excitation case, the PFM
signal can be semi-quantitatively approximated as vPRl �
d33, xPRl � d35, and yPRl � d34, where the coordinate
system for dij is the laboratory coordinate system related to
the cantilever orientation. This interpretation is rigorous for
the continuous thin films in the integral excitation case, but
the elements of dij are now renormalized to account for
mechanical constraints at the bottom interface. For pat-
terned ferroelectrics, the response can be significantly af-
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fected by the difference in the local elastic constraints in the
different parts of the nanostructure, and numerical calcula-
tions, taking into account substrate effects, are generally
required to model the electromechanical response.

CRYSTAL ORIENTATION EF FECTS

In the discussion above, the local electromechanical re-
sponse vector, w � ~w1,w2,w3!, was related to the elements
of the piezoelectric tensor, dij, taken in the laboratory coor-
dinate system. However, it is conventional to represent the
piezoelectric constant tensor in the coordinate system re-
lated to the orientation of crystallographic axis of the mate-
rial, dij

0. In this case, the intrinsic material symmetry will
limit the number of nonzero components and, more impor-
tantly, allow the material-specific values to be tabulated.

The effect of crystallographic orientation on VPFM
images was studied by Harnagea et al. ~2001! who extended
the formalism developed by Du et al. ~1997! to the VPFM
signal. Assuming that vPR � d33, the effective PFM signal
can be related to crystal orientation using a coordinate
transformation that aligns the z-axis of the crystal coordi-
nate system with the z-axis of the laboratory coordinate
system using two rotation angles ~Harnagea, 2001!.

However, this approach is insufficient for the descrip-
tion of the LPFM image formation mechanism. Indeed, in
the general case, a complete description of the coordinate
transformation requires three rotations described by the
Euler angles f, u, and c, as described in Appendix B
~Newnham, 2005!. Here we use the definition for which
identity transformation corresponds to f � u � c � 0, as
opposed to definition by Harnagea where identity corre-
sponds to u� p/2 and w� 0.

In the general case, the relationship between the dij

tensor in the laboratory coordinate system and the dij
0

tensor in the crystal coordinate system is ~Newnham, 2005!

dij � Aik dkl
0 Nlj , ~4!

where the elements of the rotation matrices Nij and Aij are
given in Appendix B.

As an example, we consider a and c domains in tetrag-
onal BaTiO3. In the coordinate system oriented along the
crystal c-axis, the dij

0 tensor is

dij
0 � �

0 0 0 0 d15
0 0

0 0 0 d15
0 0 0

d31
0 d31

0 d33
0 0 0 0

� . ~5!

For the laboratory coordinate system chosen such that
the ~100! crystallographic orientation coincides with the
cantilever axis, for the c� domain, the laboratory and crys-
tallographic coordinate systems coincide and dij � dij

0. Cor-

respondingly, vPR � d33
0 and xPRl � yPRl � 0. For the a2

domain with polarization in the ~010! direction oriented
perpendicular to the cantilever axis, the relationship be-
tween coordinate systems is given by rotation angles f� 0,
u� p/2, c� 0, and the elements of dij tensor are

dij � �
0 0 0 0 0 d15

0

d31
0 d33

0 d31
0 0 0 0

0 0 0 d15
0 0 0

� . ~6!

Correspondingly, vPR � 0, xPRl � d15
0 , and yPRl � 0,

recovering the early assumption of xPRl � d15
0 ~Eng et al.,

1998!. For a1 domain oriented along the cantilever axis,
f � 0, u � p/2, c � p/2, and PFM components are
vPR � 0, xPRl � 0, and yPRl � d15

0 , as expected. For a
general orientation of the crystal, the response components
are

d33 � ~d15 � d31!sin2 u cos u� d33 cos3 u ~7a!

d34 � �~d31 � d33 � ~d15 � d31 � d33 !cos 2u!cos c sin u

~7b!

d35 � �~d31 � d33 � ~d15 � d31 � d33 !cos 2u!sin c sin u

~7c!

Note that the response is independent of f, indicative
of the rotational symmetry of tetragonal BaTiO3 along the
3-axis.

Equation ~4! has several broad implications for materi-
als characterization by PFM, depending on what additional
information on the material’s structure and properties is avail-
able. When the crystallographic orientation of the sample is
known exactly, the vector VPFM, 2D-PFM, or 3D-PFM mea-
surements allow semiquantitative evaluation of all the ele-
ments of the dij

0 tensor. For materials with high symmetry,
for which only several elements of the dij

0 tensor are nonzero,
they can be determined semi-quantitatively at each point
using vector VPFM data ~one nonzero element! and 2D and
3D-PFM data ~two and three nonzero elements, respectively!.

When the exact crystallographic orientation of the sam-
ple is unknown, but the number of possible polarization
orientations is small, the local polarization orientation can
be obtained from a thorough analysis of VPFM, 2D-PFM, or
3D-PFM data. One of the few successful reconstructions of
3D domain structure from PFM data to date belongs to this
case ~Eng et al., 1999; Rodriguez et al., 2004!; however, no
attempts to derive piezoelectric coefficients other than d33

have been reported. In some cases, 2D- and/or 3D-PFM
combined with the partial information on local crystallo-
graphic orientation derived from known constraints on pos-
sible orientation of non-1808 domain walls have been used
to semi-quantitatively characterize domain structure in poly-
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crystalline materials. However, in this case there is a high
degree of uncertainly in determining the components of dij

0.
Finally, for the case where the sample has an arbitrary

crystallographic orientation, the individual components of
the dij

0 tensor cannot be determined. However, for materials
with known dij

0 values, a reverse problem can be solved from
the 3D vector PFM data. The local crystallographic orienta-
tion, ~fi ,ui ,ci !, can be derived, providing an approach for
nanoscale orientation imaging. The applications of this
approach for several materials systems will be reported
elsewhere ~S.V. Kalinin et al., in press! and are beyond the
scope of this article. Notably, rigorous orientation imaging
by PFM is possible if and only if a properly calibrated vector
3D-PFM data set is available and piezoelectric constants dij

0

for the material are known; that is, the number of un-
knowns, ~f,u,c!, is equal to the number of measured
parameters, ~vPR, xPRl , yPRl !. In this case, the approxima-
tions introduced in the preceding section can be further
removed by numerical calculation of the orientation depen-
dence of VPFM and LPFM signals. In the general case,
VPFM, 2D-PFM, and noncalibrated 3D-PFM data are insuf-
ficient for complete reconstruction of the local crystallo-
graphic orientation unless additional constraints on the
local piezoelectric response vector are present.

To summarize, the orientation dependence of the local
electromechanical response that can be completely or
partially determined by the PFM experiment is given by
equation ~4!. For materials with known crystallographic
orientation, the elements of the dij

0 tensor can be semi-
quantitatively determined by VPFM and vector 2D- or 3D-
PFM measurements performed on crystals with different
orientations. For materials with known piezoelectric con-
stants, dij

0 , the local crystallographic orientation in each
point ~electromechanical orientation imaging! can be deter-
mined from vector 3D-PFM data. For materials systems with
known constraints on possible crystallographic orientation
~a small number of domains!, domain structure reconstruc-
tion can be obtained from partial VPFM or 2D-PFM data.

POLARIZATION ORIENTATION FROM
PFM DATA

The original motivation for the development of PFM was
the necessity for nondestructive imaging of the local polar-
ization vector, P � ~P1, P2, P3!, in ferroelectric thin films
and polycrystalline ceramics. Remarkably, in the general
case this task is not tractable by PFM. Indeed, as discussed
in the precxeding sections, vector PFM measures compo-
nents of the local electromechanical response vector related
to the elements of the piezoelectric tensor, dij . From these
data, either the piezoelectric constants of the material, dij

0 ,
or a local orientation map, ~u,c,w!, can be obtained. At the
same time, the conventional approach for measurement of
the ferroelectric polarization requires charge measurement

during polarization reversal ~Smolenskii et al., 1984!. The
size of the tip–sample contact area renders these measure-
ments almost impossible in PFM due to the extremely small
amount of the switching charge ~Tiedke & Schmitz, 2004!.

In the ideal case, local electromechanical response can
be linked to local polarization through the piezoelectric
constant tensor, components of which are related to the
polarization vector by the Devonshire theory ~Smolenskii
et al., 1984!, dij � 2Qijl Pl , where Qijl are components of the
electrostriction tensor. This approach is, however, impracti-
cal, because the electrostriction tensor is generally unknown
and in most cases is derived from piezoelectric measure-
ments. Therefore, in general, PFM is used to map local
crystallographic orientation, from which the local polariza-
tion orientation is deduced assuming that the relationship
between polarization and crystal orientation on the nano-
scale is the same as for the macroscopic crystal.

EXPERIMENTAL IMPLEMENTATION OF
VECTOR PFM

In this section, we illustrate the applicability of vector PFM
imaging and data representation for several materials sys-
tems. PFM data has been acquired using a commercial SPM
systems ~MultiMode NS-IIIA, Veeco Instruments, and Park
CP! additionally equipped with external lock-in amplifiers
and a function generator ~SRS 830 and DS 345; Stanford
Research Instruments!. To avoid capacitive cross talk, the
tip was directly biased through a home-built tip holder.
Gold-coated Si probes ~NSC-12, spring constant 1–5 N/m;
Micromasch! were used. For some measurements, to simul-
taneously acquire the vertical and lateral amplitude and phase
signals, the microscope was additionally equipped with an
external computer with LabView software emulating addi-
tional signal acquisition channels. The samples studied were
PbTiO3 thin films and etched LaBGeO5 glass ceramics. The
detailed sample preparation and measurements procedures
are described elsewhere ~P. Gupta et al., in prep.!.

The results of 2D-PFM imaging of the PbTiO3 thin
film are shown in Figure 3. There are no markers on the
surface and the same location cannot be found after sample
rotation, thus precluding 3D-PFM imaging. However, simul-
taneous acquisition of VPFM and LPFM data allows partial
information on local electromechanical properties to be
obtained. Shown in Figure 3a,b are vertical and lateral PFM,
A1v cos~w! signals, respectively. In the VPFM image, high
intensity corresponds to the regions with a strong vertical
component of electromechanical response in a positive z
direction, whereas low intensity corresponds to a strong
response in the negative z direction. Gray areas of intermedi-
ate intensity correspond to a weak out-of-plane response
component. Similarly, the LPFM image provides informa-
tion on the in-plane component perpendicular to the canti-
lever axis, as discussed in the section on electromechanical
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measurements above. On close examination, the PFM im-
ages in Figure 3a,b show a decrease of the effective PFM
signal in the center of the grain ~ringlike structure!. Such
behavior can be attributed to a change in magnitude of the
electromechanical response vector, either due to an intrinsic
change of the material’s properties or tip–surface contact.
However, interpretation of separate LPFM and VPFM data
is not straightforward.

To address this problem, we employ vector represen-
tation for PFM data similar to an approach well known in
electron microscopy. The VPFM and LPFM images are nor-
malized with respect to the maximum and minimum values
of the signal amplitude so that the intensity changes between
�1 and 1, that is, vpr, lpr � ~�1,1!. Although not strictly
rigorous, this procedure is expected to provide the correct
answer for systems in which grains with all possible orienta-
tions of the response vector are present, equivalent to using
an internal standard. Using commercial software ~Mathema-
tika 5.0; Wolfram Research!, these 2D vector data are con-
verted to the amplitude/angle pair, A2D � Abs~vpr � I lpr!,
u2D � Arg~vpr � I lpr!. These data are plotted so that the
color corresponds to the orientation, whereas color intensity
corresponds to the magnitude, as illustrated in Figure 3c. We
refer to this method for PFM data representation as a 2D
vector PFM image. Note that unlike typical SPM data, where
pseudocolors are used to better represent scalar data ~e.g.,
height, friction, intensity, etc.!, here both color and intensity
convey information and the “color wheel” legend illustrates
the direction and magnitude of the response vector.

Notably, the vector PFM image illustrates that color is
virtually uniform inside the grains, whereas the intensity

varies between the central part of the grain and the circum-
ference. This difference illustrates that only the magnitude,
but not the orientation, of the piezoresponse vector changes.
This information can be represented in the scalar form by
plotting separately phase, u2D, and magnitude, A2D, data, as
illustrated in Figure 3d,e, respectively. In the phase image
~Fig. 3d!, the phase of the 2D response vector is clearly
uniform within individual grains, whereas magnitude
~Fig. 3e! changes from the grain center to its circumference.

Vector PFM data in Figure 3c show that the number of
individual colors is relatively small. This suggests the exis-
tence of preferential electromechanical response orienta-
tions, as can be expected for a textured film. Furthermore,
this behavior can be seen from the angular distribution
histogram shown in Figure 4a. Three broad peaks are clearly
seen. The complementary amplitude distribution is shown
in Figure 4b.

An example of 3D-PFM imaging is illustrated in Fig-
ure 5 using an etched LaBGeO5 glass ceramic. Figure 5a is a
topographic image of a ferroelectric grain protruding from
the glassy paraelectric phase due to the difference in etching
rates. Because of the relatively large grain size ~;50 mm!,
the same region was imaged several times for different
orientations of the cantilever relative to the sample, thus
allowing 3D-PFM data to be collected. The VPFM, x-LPFM,
and y-LPFM images are shown in Figure 5b,c,d, respec-
tively. These images contain information on all three com-
ponents of the electromechanical response vector.

To illustrate the possible representations of this data,
shown in Figure 6. is the in-plane 2D vector PFM image
obtained from a combination of x-LPFM and y-LPFM data

Figure 3. Vertical ~a! and lateral ~b! PFM image of PbTiO3 thin film. c: Vector representation of 2D PFM data. The
orientation angle is coded by the color as reflected in the “color wheel” legend, whereas the intensity provides the
magnitude of the response ~dark for zero response, bright for strong response!. d: Angle image. e: Amplitude image.
Imaging voltage is 1Vpp.
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Figure 4. Angle distribution histogram ~a! and amplitude distribution histogram ~b! of data in Figure 3d,e indicate the
presence of predominant orientations in the film. The inset in a illustrates surface topography of the film. <||||||4||||||

Figure 5. 3D-PFM imaging of ferroelectric LaBGeO5 crystallite in paraelectric glass matrix. a: Surface topography;
b: VPFM; c: x-LPFM; and d: y-LPFM. Even though images b, c, and d contain full information on electromechanical
response vector orientation, data visualization can be improved by using vector imaging as illustrated in Figures 7 and 8.
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in Figure 5c,d. Here, the color wheel directly represents the
in-plane orientation of the response vector. Note that Fig-
ure 6 represents a true 2D vector image, because relative
sensitivities in this case are equal. Similar 2D combinations
can be constructed for a combination of x-LPFM and
VPFM and y-LPFM and VPFM responses.

The representation of a complete 3D vector field, as
opposed to its 2D subset, represents a more challenging prob-
lem. Here, the VPFM and x, y-LPFM images are normalized
with respect to the maximum and minimum values of the
signal amplitude so that the intensity changes between �1
and 1, that is, vpr, xlpr, ylpr � ~�1,1!. These 3D vector data
~vpr, xlpr, ylpr! are mapped on the red, green, blue color
scale, represented as vector ~R, G, B!, where R, G, and B are
mutually orthogonal and vary from 0 to 1. The magnitude
of the z component is represented by lightness/darkness,
variation in direction in the x, y-plane is given by hue, and
the magnitude of the vector is represent by color saturation
~note that black and white are colors!. The transformation
involves rotating the ~R, G, B! coordinate system and shift-
ing it so that ~R, G, B!� ~0.5, 0.5, 0.5! corresponds to zero in
the PFM coordinate system, ~vpr, xlpr, ylpr! � ~0,0,0!. This
transformation is expressed in the following equation:

�
R

G

B
� �

1

2 � 1

M3
~Rx ~ur !{Rz~fr !!

T � �
1

1

1
�� , ~8!

where Rx~ur ! and Rz~fr ! are rotation matrices

Rz~fr ! � �
cosfr sinfr 0

�sinfr cosfr 0

0 0 1
� ,

Rx ~ur !� �
1 0 0

0 cos ur sin ur

0 �sin ur cos ur

� , ~9a,b!

and ur � tan�1M2 and fr � p/4 are Euler angles.
This coloring scheme applied to the vector data in

Figure 5b,c,d yields the color diagram shown in Figure 7a.

Figure 6. 2D vector PFM image of the same LaBGeO5 crystallite
shown in Figure 5. The image contains the information of in-plane
orientation of the electromechanical response vector. The orienta-
tion angle is coded by the color as reflected in the “color wheel”
legend, whereas the intensity provides the magnitude of the re-
sponse ~dark for zero response, bright for strong response!.

Figure 7. a: 3D vector PFM image of the orientation of the electromechanical response vector, as coded by the color
map. b: Vector PFM data overlaid on a topographic image.
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Note that light shading indicates the vector pointing out of
the page and dark shading indicates a vector pointing into
the page. Gray areas indicate regions where the magnitude
of the response vector is relatively small. Intense or satu-
rated hues indicate a strong lateral response with small
vertical component. In this representation, vector PFM and
topographic data can be correlated by overlaying the color
map onto a grid mesh, as illustrated in Figure 7b.

CONCLUSIONS

An approach for vector electromechanical imaging by SPM,
referred to as vector-piezoresponse force microscopy, is pro-
posed. The relationship between detected vertical and lateral
signal components and the local electromechanical response
vector is discussed. An approach for calibration of vector-
PFM data is presented and the contribution of longitudinal
surface displacement to VPFM data is analyzed. The relation-
ship between 3D-PFM data and local materials’ properties is
established, and it is shown that 3D PFM can be used as a
powerful tool for ~a! local electromechanical property mea-
surements on the nanoscale or ~b! local orientation imaging
on the sub-10-nm level. Finally, several approaches for data
representation in 2D-PFM and 3D-PFM are presented. The
developed approach can be applied for nanoscale electrome-
chanical characterization of a broad range of material sys-
tems including polymers, composites, and biomaterials.
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APPENDIX A

To relate the bias-induced strain to displacement, we con-
sider the mechanics of a free-standing uniform piezoelectric
capacitor of thickness, h, with electrodes on the top and
bottom surfaces. The bias, V, is applied between the elec-
trodes such that the field across the material is E � E3 z,
where E3 � V/h. The field results in the uniform strain in
the material, and equation ~3! yields the following system of
partial differential equations for the components of defor-
mation vector:

X11 �
]u1

]x1

� d31 E3 � k1 ~A1!

X22 �
]u2

]x2

� d32 E3 � k2 ~A2!

X33 �
]u3

]x3

� d33 E3 � k3 ~A3!

X12 �
1

2
� ]u1

]x2

�
]u2

]x1
�� d36 E3 �

1

2
m1 ~A4!
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X13 �
1

2
� ]u1

]x3

�
]u3

]x1
�� d35 E3 �

1

2
m2 ~A5!

X23 �
1

2
� ]u2

]x3

�
]u3

]x2
�� d34 E3 �

1

2
m3. ~A6!

The solution for this system can be found as

u1 � k1 x1 � b2 x2 � b3 x3 � C1 ~A7!

u2 � ~m1 � b2 !x1 � k2 x2 � b1 x3 � C2 ~A8!

u3 � ~m2 � b3 !x1 � ~m3 � b1!x2 � k3 x3 � C3 ~A9!

where bi and Ci , i � 1, . . . ,3 are constants determined by
boundary conditions.

From boundary conditions on the lower plane
u3~x1, x2,0! � 0, u1~0,0,0! � 0, and u2~0,0,0! � 0, the
constants can be found as m2 � b3, m3 � b1, m1 � b2, and
Ci � 0. Thus, the displacement field is given by

u1 � k1 x1 � m1 x2 � m2 x3 ~A10!

u2 � k2 x2 � m3 x3 ~A11!

u3 � k3 x3. ~A12!

Due to the radial symmetry of the field produced by
the PFM tip, the PFM signal is approximated by the displace-
ment in the center of the top plane. For x1 � x2 � 0 and
x3 � h, the components of the displacement vector are

u1 � m2 c � d35 E3 c � d35V ~A13!

u2 � k2 x2 � m3 x3 � d34 E3 c � d34V ~A14!

u3 � k3 x3 � d33 E3 c � d33V . ~A15!

Thus, the in-plane component of surface displacement
measured in the LPFM experiment is directly related to the
shear components, d34 and d35, of the piezoelectric constant
tensor, whereas components d31 and d32 result in radial
expansion and contraction symmetric with respect to the
tip. The normal component of the PFM signal is given by
d33, as expected from simple theory.

APPENDIX B

The complete description of the rotation dependence of the 3D-PFM signal requires rotation of the piezoelectric constant
tensor. The rotations are by angles f, u, c as shown in Figure B1. The rotation matrix is Aij � ~aij!;

Aij � �
~cosf cos c� cos u sinf sin c! ~cosf sin c� cos u cosf sin c! sin u sin c

~�cos u cos c sinf� cosf sin c! ~cos u cosf cos c� sinf sin c! cos u sin c

sin u sinf �cosf sin u cos u
� . ~B1!

The elements of Nij matrix in equation ~4! are

Nij � �
a11

2 a21
2 a31

2 2a21 a31 2a31 a11 2a11 a21

a12
2 a22

2 a32
2 2a22 a32 2a32 a12 2a12 a22

a13
2 a23

2 a33
2 2a23 a33 2a33 a13 2a13 a23

a12 a13 a22 a23 a32 a33 a22 a33 � a32 a23 a12 a33 � a32 a13 a22 a13 � a12 a23

a13 a11 a23 a21 a33 a31 a21 a33 � a31 a23 a31 a13 � a11 a33 a11 a23 � a21 a13

a11 a12 a21 a22 a31 a32 a21 a32 � a31 a22 a31 a12 � a11 a32 a11 a22 � a21 a12

� . ~B2!

Figure B1. Coordinate transformations for transition from the
crystal to the laboratory coordinate systems. a: Counterclockwise
rotation of f about axis 3. b: Counterclockwise rotation of u
about axis 1'. c: Counterclockwise rotation of c about axis 3''.
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