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Empirical Bayes forecasting methods for job flow times
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We consider the problem of forecasting multi-class job flow times in a resource-sharing environment. We assume the deviation of flow
times in each class from the class nominal value follows an exponential distribution with its parameter following a gamma distribution.
A large simulation experiment is conducted to assess and compare the performance of the Bayes and empirical Bayes forecasting
methods under differing model assumptions. Simulation results show that non-parametric empirical Bayes methods are more efficient
and robust relative to the parametric empirical Bayes.

1. Introduction

The flow time of an order (a job) in a system is the difference
between the release time of the job into the system and the
departure time of the job from the system. In a manufac-
turing environment a job’s flow time, sometimes referred to
as its cycle time, consists of the actual processing, queuing,
and material handling times. In general, the flow time of a
job in a system is a random variable. More specifically, in a
manufacturing system flow time randomness is caused by:
(i) changes in the product mix that affect the queuing and
material handling times, (ii) the reliability of processing and
material handling devices that affect all components of the
flow time; and (iii) natural variations in workers’ or ma-
chines’ production rates. Accordingly, the exact value of a
job’s flow time becomes known only after the job departs
from the system, i.e., a job’s flow time is not known a priori.

However, prior knowledge (or good estimates) of job flow
times is essential to effective planning, control, and man-
agement of customer relationships. For example, for plan-
ning purposes, estimates of flow times are used for capac-
ity planning and workload leveling; for control purposes,
estimates of flow times are used for job scheduling and se-
quencing; and for customer relationships, estimated flow
times are used when promising delivery dates to customers.
Since planning, control and customer relationship manage-
ment are essential functions that are performed for many
systems, and these functions rely on estimates of the job
flow times, it is essential that these estimates are as accurate
as possible.

A forecasting method assigns a value to a random vari-
able (e.g., a flow time) prior to observation of its value.
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Conventionally, this assigned value is referred to as an es-
timate or forecast of the random variable’s future value. In
this paper we use the terms forecast and estimate of the
random variable interchangeably.

In general, the complexity of forecasting methods used
to estimate job flow times depends on the importance of
the flow time estimates in their applications and the sophis-
tication of the user with respect to forecasting methods, as
well as the perception of the sources of randomness. For
example, a widely used but rudimentary forecast of a job’s
flow time in manufacturing environments that is utilized in
material requirement planning systems is obtained by an
empirical rule of thumb. This rule estimates the flow time
to be four times the nominal processing time of the job.

In the literature various procedures have been proposed
for flow time estimation. A small group of papers assume
that the flow times follow a specific distribution with either
known or unknown parameters. Examples in this group in-
clude the work of Seidmann and Smith (1981) who consider
assigning due-dates by forecasting flow times that are identi-
cally distributed with a given probability density function,
and the work of Chen et al. (2001) who assume that the
flow times are normally distributed with unknown means
and variances. Another example is the work of Hopp and
Roof Sturgis (2000) who assume that the flow times are
approximately normally distributed with unknown param-
eters. They treat the unknown parameters as random vari-
ables and suggest heuristics to estimate their values based
on the number of jobs in the system.

A second group of papers assume that the flow time fore-
cast errors follow a specific distribution. The majority of
these papers use regression-based forecasting methods, in
which the forecast is a function of some observable attribute
plus a normally distributed error. Observable attributes
are either job- or system-status-related information. The
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number of operations and total work content are exam-
ples of job characteristics, and the number of jobs in the
system and number of jobs in the queues are examples
of system status information. Regression-based forecast-
ing methods can be further categorized in terms of the type
of observable attributes they use in the forecast. Kaplan
and Unal (1993) show that in forecasting flow times, sys-
tem status information is more useful than job characteris-
tics. Adam et al. (1993), Smith et al. (1995) and Ruben and
Mahmoodi (2000) are other examples of regression-based
studies. For more information on such forecasting methods
in a due-date assignment context, see Cheng and Gupta
(1989).

A third group of papers assume deterministic processing
times for multiple classes of jobs and consider the effects
of the sequencing of the jobs and their inter-arrival times.
Luss and Rosenwein (1993), Bagchi et al. (1994), and De
et al. (1994) are examples of such studies.

Despite the extensive use of Bayesian techniques in the
solution of general forecasting problems, they find little ap-
plication in flow time forecasting problems. An exception
is the work of Chen et al. (2001) who consider forecasting
the mean and variance of normally-distributed flow times
when the mean and variance are functions of the work-in-
process. They use a two-level prior Bayesian approach to
determine function parameters of the mean and variance.
However, none of the published flow time forecasting and
due-date assignment papers have accounted for process de-
pendencies on different classes of jobs caused by the shar-
ing of resources while still accounting for each class-specific
probabilistic flow time.

In this paper we consider the problem of forecasting the
flow time of the next job in a production system with m
classes of jobs, where for each class i there exist ni flow time
observations such that the mean-squared forecast error is
minimized. We use the information contained in the existing
observations to estimate the value of the next observation
(flow time of the next job leaving the system) and equate
that to the flow time forecast of the next job entering the
system. This is a valid forecast only under the assumption
that the system parameters observed by the entering job
will be the same as those parameters observed by the last ni
completed jobs of its class. This assumption is made by most
forecasting methods that utilize past observations, but it is
particularly reasonable for empirical Bayes methods. The
reason is that empirical Bayes methods utilize information
from all classes in forecasting the flow time of one class,
thus diminishing the need for a large number of historical
observations for each class. The validity of this assumption
weakens as the length of time to collect the observations
increases.

In this paper, we apply Bayes and empirical Bayes meth-
ods to obtain direct forecasts of the flow times in a multi-
product setting, and conduct a simulation study to assess
their capabilities and robustness when model assumptions
are violated. A direct forecast of a random variable value

by using Bayesian methods is novel since, in the reported
literature, Bayesian methods are primarily used to estimate
the distribution parameters of a random variable. Further-
more, since the flow time forecasting and due-date setting
literature have generally ignored the difficult question of
how best to account for job flow time dependency among
different classes of products, our contributions here provide
a venue for considering this dependency while requiring
only small observations from each class.

The organization of the paper is as follows. Section 2 de-
scribes our flow time forecasting problem in a multi-class
production system, and formally defines the problem under
investigation. In Section 3, we review the notions of opti-
mality for Bayes and asymptotic optimality for empirical
Bayes forecasts. Different forecasting approaches to solve
the stated problem are presented in Section 4. In Section
5, we present a simulation experiment to investigate the ef-
fectiveness of these approaches, and simulation results are
presented and discussed. Finally, Section 6 offers some con-
cluding remarks.

2. Flow times in multi-class production systems

In any production system, the flow time of the jth job of
the ith class, Tij, is affected by two sources: (i) controllable
factors (such as product mix;) and (ii) uncontrollable fac-
tors (such as machine failures). Changes in the controllable
factors over time directly affect the flow times by altering
resource allocation, and indirectly, by affecting the waiting
time distributions of the jobs.

Consequently, the uncontrollable factors that are at-
tributed to natural phenomena, as well as the controllable
factors that are attributed to control actions, both con-
tribute to the uncertainty in the job flow times. This un-
certainty changes dynamically over time.

Let Pi be the minimum time required to complete a single
job of class i in the system. Note that Pi is the summation
of the minimal elapsed times in stages of class i routing,
which generally differs from the minimum times of other
classes. Although flow times are random variables affected
by a dynamic environment, Pi is always the same. Therefore,
the effect of controllable and uncontrollable factors can be
summarized as an increase in the minimum flow time. Ac-
cordingly, a random flow time Tij can be expressed in terms
of a constant flow time Pi plus a variable increase Xij that
summarizes the effects of the variations in the controllable
factors and the randomness of the uncontrolled factors i.e.,
Tij = Pi + Xij.

In a well-managed system that experiences little varia-
tion, most flow times would be close to their respective Pi.
Occasionally some flow times would be way above their
minimum value. Thus, it is reasonable to assume that the
variable part of the flow time of the jth job of class i, Xij,
follows an exponential distribution with parameter θ i for
i = 1, . . . , m, with a caveat that each class of job has its
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own exponential distribution and the shape of these distri-
butions changes over time.

In a multi-class production system, product families in
which products share the same routings can be used as
classes of flow times. Since all product families use the same
facility, a resource is often shared by more than one prod-
uct family of the shape parameter, α, allow this model to
be adapted to dynamic systems, where there are changes in
variability among product classes.

In general, variations in process times for a job affect
the waiting times of successive jobs. This follows from the
queuing fact that the flow time of a job J is affected by
the flow times of all jobs ahead of job J that coexist in the
system. Note that the number and type of jobs observed
by job J at its release time are random variables. Therefore,
when the system traffic intensity is not very high and the
system operation is in steady state, it is reasonable to assume
that the flow times of jobs are independent.

The following summarizes our model for forecasting flow
times in multi-class production systems:

2.1. The multi-class production model

Suppose there are m classes of products, and that ni ob-
servations of flow times, denoted by Ti1, . . . , Tini , are given
for each class i, i = 1, . . . , m. Find T∗

i , the optimal fore-
cast of the next flow time of class i, i.e., Ti,ni+1, under the
squared-error loss where the following holds:

� Tij = Pi + Xij, where Pi is the minimum flow time for
class i.

� Given θ i, the Xijs are independent and identically dis-
tributed random variables with density f :

f (x; θi) = θie−θi x1[x≥0]. (1)

� The θis are unobservable random variables, independent
and identically distributed with density π .

π (θ ) = [�(α)]−1βαθα−1e−βθ1[θ>0], α > 1, β > 0. (2)

In the next section, the above flow time forecasting prob-
lem is approached by different forecasting methods.

3. Forecasting techniques: Preliminaries

In this section, we present a formal definition of the opti-
mality criterion under squared-error loss. We also show how
forecasting the Xs suffices for finding the optimal forecast
of the Ts. Moreover, we briefly review the rudiments of the
Bayes and empirical Bayes methods before each forecasting
method is presented.

Definition 1. The optimal forecast under squared error.

Suppose X1, . . . , Xn, Xn+1 are n + 1 random variables and
that X1, . . . , Xn are observed. We define X∗

n+1, a function of

X1, . . . , Xn, as the optimal forecast of Xn+1 under squared-
error loss, if the following inequality holds for any other
X̃n+1, which is also a function of X1, . . . , Xn:

E[(X∗
n+1 − Xn+1)2] ≤ E[(X̃n+1 − Xn+1)2]. (3)

For simplicity, we use X∗ and X̃ instead of X∗
n+1 and X̃n+1,

respectively. Let us define random variables Tjs such that
Tj = P + Xj, j = 1, . . . , n + 1, where P is a given constant.
Then, T∗ = P + X∗ is the optimal forecast of Tn+1 under
squared-error loss because:

E[(T∗ − Tn+1)2] = E[(P + X∗ − (P + Xn+1))2] ,
= E[(X∗ − Xn+1)2] ≤ E[(X̃ − Xn+1)2] ,
= E[(P + X̃ − (P + Xn+1))2] ,
= E[(T̃ − Tn+1)2],

where T̃ = P + X̃ . This implies that the optimal forecast of
flow time Tij can be found by forecasting Xij. Therefore, we
consider a simple form of the flow time forecasting model
where Pi = 0, for i = 1, . . . , m; i.e., the Xijs are observed
and the X∗

i are sought.
The optimal forecast described in Equation (3) is com-

monly called the minimum mean-squared error forecast, and
is given by:

X∗ = E[Xn+1 | X1, . . . , Xn]. (4)

The above equation is a well-known result in forecasting
time-series data (see for example Box and Jenkins (1970,
p. 126)). Furthermore, it is similar to the Bayes estima-
tors under squared-error loss (see for example Mood et al.
(1974, p. 346)). Nonetheless, one can verify Equation (4) by
expanding the expected loss E[(X∗ − Xn+1)2] as:

EE[(X∗ − E[Xn+1 | X1, . . . , Xn]
+ E[Xn+1 | X1, . . . , Xn] − Xn+1)2 | X1, . . . , Xn].

Analogous to Bayesian estimation, we refer to distribu-
tions of Xn+1 and Xn+1 | X1, . . . , Xn respectively as the prior
distribution and the posterior distribution of Xn+1. Notice
that the X∗ given by Equation (4) is the expected value of
the posterior distribution of Xn+1. Therefore, we refer to X∗
as the Bayes forecast under the squared-error loss.

Linear Bayes is another possible approach to the flow
time forecasting problem, which follows the relationship
between the Bayes forecast and the Bayesian estimation
context. When X̃n+1 is restricted to linear functions of
X1, . . . , Xn, the optimal forecast defined by Equation (3)
is called the linear Bayes forecast. Let XL denote the linear
Bayes forecast under squared-error loss. Then:

XL = w0 +
n∑

j=1

wjXj, (5)

where the wjs, j = 0, . . . , n, are to be determined. Linear
Bayes forecasts are often used when it is difficult to obtain
Bayes forecast using Equation (4), or when only the first
and second moments of the prior distribution are available.
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Let�, a random variable, denote the parameter that iden-
tifies the distribution of the Xis, i = 1, . . . , n + 1, and let the
Xis be independent for a given � = θ . Then, instead of us-
ing the posterior distribution of Xn+1 to evaluate the Bayes
forecast provided by Equation (4), it is convenient to use the
posterior distribution of � through the following equation:

X∗ = E[µ(θ ) | X1, . . . , Xn], (6)

where µ(θ ) is the function that specifies the mean value of
the observations (see for example Klugman et al. (1998,
p. 427)).

Relating the Bayes forecast to the auxiliary random vari-
able � using Equation (6) allows us to employ the empirical
techniques used in the Bayesian estimation context when
parameters of the distribution of � are unknown and sev-
eral instances of (�, X1, . . . , Xn) are available. The empir-
ical Bayes (linear empirical Bayes) methods can be used
to estimate the unknown parameters of the distribution of
� and obtain empirical Bayes (linear empirical Bayes) fore-
casts that are asymptotically as good as Bayes (linear Bayes)
forecasts. Let m available instances of (�, X1, . . . , Xn) be de-
noted by {(�i, Xi1, . . . , Xini ): i = 1, . . . , m} and the Bayes
forecasts of Xi(ni+1) for i = 1, . . . , m be denoted by X∗

i as
defined by Equation (6). The asymptotic optimality of the
empirical Bayes forecasts denoted by XEB

i , which is a func-
tion of m, is defined as follows:

lim
m→∞

(
E

[(
Xi(ni+1) − XEB

i

)2] − E
[(

Xi(ni+1) − X∗
i

)2]) = 0.

(7)
The asymptotic optimality of the linear empirical Bayes
forecasts, denoted by XLEB

i , can be defined similarly by re-
placing XEB

i and X∗
i , respectively, with XLEB

i and XL
i (the

linear Bayes forecast of Xi(ni+1)) in Equation (7).
Both the empirical Bayes and linear empirical Bayes

methods are capable of dealing with multi-class data struc-
tures; thus, they are appropriate methods for our forecast-
ing problem. Note that these empirical methods are based
on the assumption that observations are made for different
classes with a random parameter vector Θ. Accordingly,
by considering Θ as a constant vector and combining all
classes into one class, non-Bayesian forecasts can be applied
to the flow time forecasting problem of our interest. In the
next section we present forecasting models that are grouped
according to the level of information on Θ.

4. Forecasting techniques

Based on our knowledge of the parameters of the flow time
forecasting problem, we distinguish three cases: (i) model I,
where � is gamma distributed and both α and β are known;
(ii) model II, where � is gamma distributed but neither α

nor β are known; and (iii) model III, where � is an unknown
constant. These models are discussed separately.

4.1. Model I: Random Θ with known α and β

When the parameters of the model are known, both the
Bayes and linear Bayes methods can be used to determine
the optimal forecast, X∗

i , of the next observation in class i.
We use Equation (6) to derive the Bayes forecast, and the
Buhlmann’s credibility approach (Buhlmann, 1976) to find
the linear Bayes forecast.

4.1.1. The Bayes forecast
Sinceπ (θ ) is a gamma distribution with parametersα andβ,
the posterior distribution of θi, denoted by πpos (θi), would
be a gamma distribution with α + ni, β + ∑ni

j=1 Xij. This is a
standard result when (X1, . . . , Xn) is a random sample from
an exponential distribution with rate θ , and θ has a prior
gamma distribution with parameters α > 1 and β > 0, and
thus the posterior distribution of θ is a gamma with param-
eters α′ = α + n and β ′ = β + ∑ n

i=1 Xi (see, for example,
Klugman et al. (1998, p. 481, exercise 5.8)).

According to πpos(θ ), the optimal forecast, denoted by
XB

i , would be:

XB
i = E[1/θi] =

(
β +

ni∑
j=1

Xij

)/
(α + ni − 1). (8)

The above follows from the facts that for an exponential
distribution with rate θi, we have µ(θi) = 1/θi and for a
gamma distributed θi with parameters α′ = α + ni and β ′ =
β + ∑ni

j=1 Xij, we have E[1/θi] = β ′/(α′ − 1).

4.1.2. The linear Bayes (credibility) forecast
In an actuarial context, the credibility model of Buhlmann
(1976) credibility model is a forecasting model in which the
forecast is determined as a linear function of observations.
Buhlmann’s credibility problem can be expressed as follows:

Suppose we have observed (Xi1 = xi1, . . . , Xini = xini )
for i ∈ {1, . . . , m}. Let �i denote an unobservable ran-
dom variable for class i such that for given �i = θi,
observations of class i, the Xijs, are independent with
E[Xij | θi] = µ(θi) and Var[Xij | θi] = υ(θi) for j ∈ {1, . . . , ni}
and i ∈ {1, . . . , m}, and E[µ(θi)] = µ < ∞ , Var[µ(θi)] =
a > 0, and 0 < E[υ(θi)] = υ < ∞ for i ∈ {1, . . . , m}. Find
X̃ i, a linear forecast of Xi,ni+1, such that E[(X̃ i − µ(θi))2] is
minimized.

Given that a, υ and µ are known, the credibility forecast
of Xi,ni+1, i ∈ {1, . . . , m}, denoted by XC

i , is given by:

XC
i = ZiX̄ i + (1 − Zi)µ, (9)

where Zi = niη/(niη + 1), η = a/υ and X̄ i = (1/ni)∑ni
j=1 Xij. Notice that Equation (9) is an alternative form of

Equation (5), where w0 = (1 − Zi)µ and wj = Zi/ni. It is
also known that XC

i is the best linear forecast in the sense
of Equation (3) (see for example Klugman et al. (1998,
p. 434)), which means for any other linear forecast X̃L

i , the
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inequality E[(Xi,ni+1 − XC
i )2] ≤ E[(Xi,ni+1 − X̃L

i )2] holds.
Therefore, the credibility forecast is in fact the linear Bayes
forecast.

Note that our flow time forecasting model can be repre-
sented in the form of the credibility model by:

µ = β(α − 1)−1, (10)
a = β2[(α − 1)2(α − 2)]−1, (11)
υ = β2[(α − 1)(α − 2)]−1. (12)

Equations (10)–(12) can be derived by employing defini-
tions of µ, a and υ. Using Equations (10)–(12) and defi-
nitions of η and Z, one can show that Equations (9) and
(8) generate identical forecasts for the flow time forecasting
problem of our interest; i.e., the Bayes and the linear Bayes
forecasts in this case are identical. This follows from the
fact that the gamma and exponential are conjugates.

4.2. Model II: Random Θ with unknown α and β

When the parameters of the distribution of θ are unknown,
estimates of these unknown parameters can be used to find
empirical Bayes forecasts (linear empirical Bayes forecasts)
that are asymptotically as good as the Bayes forecast (the
linear Bayes forecast). Different methods can be used to es-
timate the unknown parameters. Estimates of α and β are
used in Equation (8) to generate the empirical Bayes fore-
casts, and estimates of η(= a/υ) and µ are used in Equation
(9) to generate the linear empirical Bayes forecasts.

4.2.1. Empirical Bayes forecasts
When the parameters α and β are unknown, Equation (8)
can be used with estimators of α and β to provide a forecast
for the next observation as follows:

XEB
i =

(
β̂ +

ni∑
j=1

Xij

)
(α̂ + ni − 1)−1. (13)

The following theorem shows that the empirical Bayes
forecast provided by Equation (13) asymptotically min-
imizes the mean-squared error loss, when α̂ and β̂ are
bounded consistent estimators of α and β.

Theorem 1. Let {Xij : i = 1, . . . m, j = 1, . . . , ni, ni > 0} be a
set of random variables satisfying assumptions of model I. For
simplicity of notation, let Xi = Xi,ni+1. Also, let XB

i denote
the Bayes forecast of Xi provided by Equation (8). Suppose
that α̂ and β̂ are bounded consistent estimators of α and
β, and XEB

i is the forecast of Xi provided by Equation (13).
Then XEB

i is an asymptotically minimum mean squared error
forecast of Xi in the following sense:

lim
m→∞

(
E

[
(Xi − XEB

i

)2] − E
[(

Xi − XB
i )2]) = 0. (14)

Proof. The proof is provided in the Appendix. �

To find asymptotically optimal forecasts, we need to use
appropriate estimators of α and β. We select four estimators
of these parameters that have been proposed and suggested
by Thiruvaiyaru and Basawa (1992) and Mashayekhi et al.
(2004). In the following, let N1 and N2 be the upper bounds
for estimators of α and β, respectively, and let:

X̄ ·· = m−1
m∑

i=1

(
n−1

i

ni∑
j=1

Xij

)
,

X2·· = m−1
m∑

i=1

(
n−1

i

ni∑
j=1

X2
ij

)
,

Ȳ = m−1
m∑

i=1

(
2[ni(ni − 1)]−1

ni−1∑
j=1

ni∑
k=j+1

XijXik

)
,

Ȳ ··(t) = m−1
m∑

i=1

n−1
i

ni∑
j=1

(
1[Xij<t ]Xij + 1[Xij≥t ]t

)
,

δ̄··(z) = m−1
m∑

i=1

n−1
i

ni∑
j=1

1[Xij≥z].

Method A: This method is based on Mashayekhi et al.
(2004):

β̃ = 1[S>0](X̄ ··Ȳ/S) + 1[S=0](N2),
α̃ = 1[S=0]N1 + 1[S 	=0]T,

α = max(α̃, 2.0),
α̂ = min(N1,


α), (15)
β̂ = min(N2, β̃), (16)

where T = 1 + Y/S and S = Ȳ − X2·· .

Method B: This method is based on Mashayekhi et al.
(2004):

β̃ = 1[R 	=0][R−1(δ̄··(1.0)Ȳ ··(0.5) − 0.5 δ̄··(0.5)Ȳ ··(1.0))]
+ 1[R=0]N2,




β = max(β̃, 0),
β̂ = min(N2,




β), (17)

α = 1[Ȳ ··(1.0) 	=0][Ȳ ··(1.0)−1(β̂ − (β̂ + 1.0)δ̄ · ·(1.0)) + 1.0]

+ 1[Ȳ ··(1.0)=0]N1,

α̂ = min(N1,

α), (18)

where R = (1.0 − δ̄ · ·(1.0)) Ȳ··(0.5) − (1.0 − δ̄ · ·(0.5))Ȳ··
(1.0).
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The method of moment estimator: The Method of Moment
Estimator (MME) is based on Thiruvaiyaru and Basawa
(1992):


α = 1 + X2·· (X2·· − 2X2·· )
−1,

α̂ = 
α × 1[2<


α<N1] + 2 × 1[



α≤2] + N1 × 1[



α≥N1], (19)




β = (α̂ − 1)X̄ ··,
β̂ = 


β × 1
[



β<N2]
+ N2 × 1

[



β≥N2],
(20)

where 
α and



β are MME estimators of α and β.

The one-step maximum likelihood estimator: The one-
step Maximum Likelihood Estimator (MLE) is based on
Thiruvaiyaru and Basawa (1992). Let η0 = [αmme βmme]T .
The one-step MLE is then attained by employing one step
of the Newton search as follows:

[α1−mleβ1−mle]T | = η0 − (H−1G) | η0
, (21)

where H and G, respectively, are the Hessian and gradient
of the log-likelihood function of η, with

Log(Likelihood) =
m∑

i=1

[
α log(β) − (α + ni)

× log

(
β +

ni∑
j=1

xij

)
+

ni∑
j=1

log(α + ni − j)

]
.

4.2.2. Empirical credibility forecasts
When the observations are known to follow the structure of
the Buhlmann’s credibility model expressed in Section 4.1.2,
but parameters η = a/υ and µ are unknown, estimates of
the parameters can be used in Equation (9) to find an em-
pirical credibility forecast as follows:

X̂C
i = ẐiX̄ i + (1 − Ẑi)µ̂, (22)

where Ẑi = niη̂/(niη̂ + 1), and µ̂ and η̂ are estimators of µ

and η.
We consider one estimator for µ̂ and two estimators for

η̂, as follows:
Let

υ̂ =
( m∑

i=1

ni∑
j=1

(Xij − X̄ i)2
)( m∑

i=1

ni − m
)−1

,

MSB = (m − 1)−1
m∑

i=1

ni(X̄ i − X̄ ··)2,

g =
m∑

i=1

ni −
( m∑

i=1

ni

)−1( m∑
i=1

n2
i

)
,

ã = g−1(m − 1)(MSB − υ̂),
â = max(0, ã).

Then,

µ̂ =
m∑ ( m∑

i=1

Ẑi

)−1( m∑
i=1

ẐiX̄ i

)
+ X̄ ··1[â=0]. (23)

Note that in the above equation, when â = 0 or ni = n for
all i = 1, . . . , m, the equation simplifies to µ̂ = X̄ ··.

Method Crd-I: This estimator is based on Sundt (1983):

η̂1 = â/υ̂. (24)

Method Crd-II: This estimator is based on Ghosh and
Meeden (1986) and Ghosh and Lahiri (1987):

η̂2 = (((m − 3)υ̂)−1(m − 1)MSB − 1)(m − 1)g−1. (25)

4.3. Model III: Unknown constant Θ

In practice, it is usually assumed that the θ is are unknown
constants. Note that if θ i is a given constant for class i, then
the Xijs are independent and identically distributed random
variables. According to Equation (4), we have:

XNB
i = E[Xi,ni+1 | Xi,1, . . . , Xi,ni ] = E[Xi,ni+1] = µ(θi) = 1/θi,

(26)

where XNB
i denotes the optimal forecast of Xi,ni+1 and

µ(θi) is the expected value of the common distribution of
Xi,1, . . . , Xi,ni , Xi,ni+1. Therefore, when θi is assumed to be an
unknown constant, the average value of Xi,1, . . . , Xi,ni can
be used as an estimate of µ(θi) in Equation (26) to provide
a non-Bayesian forecast of Xi,ni+1, as follows:

X̂NB
i = µ̂(θi) = n−1

i

ni∑
j=1

Xij. (27)

In some situations, observations of all classes are aggre-
gated into one class with an unknown constant θ . In this ag-
gregated case, the forecast is the overall average as follows:

X̂NB = µ̂(θ ) = m−1
m∑

i=1

n−1
i

ni∑
j=1

Xij. (28)

Figure 1 summarizes the forecasts presented above and
depicts their relationships. The empirical forecasts are
asymptotically optimal, which implies that the expected loss
for all methods is the same when the number of classes goes
to infinity. In practice, however, the number of classes is
not very large nor can it be increased arbitrarily. There-
fore, when parameters are unknown, empirical methods
may perform differently. In addition, since the credibility
method relies on weaker distribution assumptions, it has a
wider practical appeal than other methods; thus, it is rea-
sonable to expect its performance to be robust with respect
to parameter assumptions.

Statistical model selection (Lahiri, 2001) criteria, such
as variations of the Akaike’s information criterion or
Schwarz’s Bayesian information criterion, are often used
in the statistical literature to select a model from a given
set of models by using available data. Although a model
selection procedure could be used to select the forecasting
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Fig. 1. General relationship among multi-class flow time forecasting problems.

method that best resembles the Bayes method, we chose to
employ other specific performance measures and statisti-
cal tests because our objective is to understand the behav-
ior of forecasting methods as well as to identify the best
method(s). In the next section we describe the elements of
our simulation study.

5. Simulation study

The first goal of our simulation study was to compare the
performance of different empirical forecasts given the as-
sumptions of the flow time forecasting problem described
at the end of Section 3. The simulation study was also con-
ducted to investigate the robustness of each method with
respect to violations of the assumption that flow times are
distributed exponentially.

To broaden the comparative study, the performance of
each method was measured for different parameter values.
Four levels of α were considered to account for different
flow rates (α = 3, 4, 5 and 6). Moreover, three levels of β

were considered to expand the variety of the means and
variances of production rates (β = 1, 5 and 10). For sim-
plicity, the number of observations for all classes was as-
sumed to be n, i.e., ni = n for i = 1, . . . , m, and three levels
of n were considered (n = 5, 10 and 50). The performance
of these methods was observed over five different levels of
m (m = 5, 10, 20, 50 and 100).

Violation of the assumptions of the flow time forecasting
model was achieved by altering the exponential distribution
of the Xijs to a gamma distribution with parameters λ and
θi, as follows:

Xij | (λ, θi) ∼ iid gamma(λ, θi) for j ∈ {1, . . . , ni} and
× i ∈ {1, . . . , m}. (29)

Two levels of λ were considered: (i) where λ = 1 covers
the base case (exponentially distributed observations); and
(ii) where λ = 10 offers an extreme violation of the model
distribution assumption.

Table 1 summarizes the parameters and their values used
in the simulation experiment. Using the values listed in this
table, 5 × 3 × 4 × 3 × 2 = 360 different situations (cases)
were simulated.

Table 1. Parameters of the forecasting problem and their values
used in the simulation study

Parameters Levels

M 5, 10, 20, 50, 100
N 5, 10, 50
α 3, 4, 5, 6
β 1, 5, 10
λ 1, 10



642 Abdoli and Choobineh

The simulation program was developed using Visual©R

C++ 6.0 and all the random numbers were generated using
IMSL©R C Library 5.0 routines. The simulation program
outputs were processed and analyzed by MATLAB©R .

The simulation program generates a random instance for
a problem case. This instance is an array of m groups of
n + 1 random numbers, where each group represents ob-
servations of one class. The first n numbers of each class are
used for forecasting its (n + 1)th observation. For each class,
the forecasting losses are calculated based on the (n + 1)th
generated number and its calculated forecast. Since most
empirical forecasting methods use the first n generated num-
bers of all m classes to estimate their required unknown
parameters, they do not generate independent forecasting
losses for different classes. Thus, for each method and from
each random instance of a problem case, only one realiza-
tion (out of m realizations) of the forecasting losses was
used in our analysis.

In each simulation run, K = 2000 instances of each prob-
lem case were generated. Figure 2 shows the flowchart for
one replication of a simulation run. Each simulation run
was replicated 10 times, and outcomes of 10 × K random
instances were then used in our analysis. The performance
measures and statistical tests used for interpreting outcomes
are reviewed in the next section.

5.1. Performance measures and statistical tests

Let LM denote the loss of forecasting method M. Since
forecasts are functions of observations, the loss and the av-
erage loss are random variables. The optimality criterion
given by Equation (3) requires the forecasting methods to
be compared by their expected value of the loss. Therefore,
the average loss, L̄M , is the main measure of performance
for forecasting method M in our study. Hence, forecast-
ing methods are compared based on their average losses
over 10 × K randomly generated cases for each combina-
tion of parameters. For this purpose, and to show the effect
of parameters m, n, α and β, average losses are plotted sep-
arately for each parameter.

The squared-error loss function is symmetric; i.e., it as-
sumes the same loss for both over- and under-forecasted
errors. Moreover, the average loss does not provide much
information about the skewness and peakedness of the loss
distribution. Note that in this application peakedness needs
to be evaluated with respect to a loss threshold that spec-
ifies the desired level of accuracy. Therefore, to provide
some insight about skewness and peakedness of the loss
distribution of each forecasting method, the probability
of the loss which is less than a given threshold level c,
P[L ≤ c], and the expected value of losses more than c,
E[L | L > c], are calculated. P[L ≤ c] provides an indica-
tion of the forecasting method relative peakedness (larger
is better) and E[L | L > c] provides an indication of the tail
behavior of L (smaller is better). To summarize the informa-
tion of these two performance measures, P[L ≤ c] is plot-

Fig. 2. Flowchart for one replication of the simulation program.

ted versus E[L | L > c] for different values of m. We refer to
these graphs as probability-loss graphs. For each m, P[L ≤ c]
and E[L | L > c] are estimated by averaging the relative fre-
quency of losses less than c and the average of losses greater
than c over 10 replications of all cases generated by different
values of α, β and n.

Furthermore, the medians of the average losses of all
methods are compared using a pair-wise sign test. The paired
t-test for the mean was not used since L̄M1 and L̄M2, losses
of methods M1 and M2, did not satisfy the normality re-
quirement of the paired t-test. Also, since L̄M1 − L̄M2 is
not symmetric, the paired signed-rank test for comparing
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Table 2. List of forecasting methods used in the comparative
study

Forecasting method Abbreviation

Bayes BAYES
Empirical Bayes using estimation method A EB-A
Empirical Bayes using estimation method B EB-B
Empirical Bayes using the MME MME
Empirical Bayes using the one-step MLE MLE
Empirical credibility using Equation (24) for η̂ CRDI
Empirical credibility using Equation (25) for η̂ CRDII
Multi-class non-Bayesian Forecast (Equation

27)
CAVG

Single, aggregated class non-Bayesian forecast
(Equation 28)

OAVG

means is not applicable. Nonetheless, the sign test can pro-
vide reasonable information since distributions of the L̄Ms
are almost the same. Here, we consider the following hy-
potheses by using the pair-wise sign test on the median, R,
of methods M1 and M2:

H0 : RM1 = RM2, (30)
Ha : RM1 > RM2. (31)

For each test, the probability of a type-I error is reported,
where H0 is rejected in favor of Ha when that probability is
small.

Fig. 3. Average losses against m for the λ = 1 model.

5.2. Simulation results

The simulation results are presented in two main parts. In
the first part, the effectiveness of the forecasting methods
and their sensitivity to the problem parameters (m, n, α and
β) are demonstrated when the observations of the Xijs are
exponentially distributed (λ = 1). In the second part, we
consider the robustness of the forecasting methods under
violation of the model distribution assumptions (by com-
paring results of λ = 10 with λ = 1).

Table 2 shows the abbreviations used for identifying fore-
casting methods in this study.

5.2.1. Performance of forecasting methods when λ = 1
Figures 3 and 4 show the average losses of different meth-
ods as functions of the parameters m and n. As expected,
the Bayes method (BAYES) has the smallest loss. Figure 3
shows that the overall average (OAVG) method has the
worst average loss, and the other methods are clumped into
two groups. The best group consists of methods CRDI,
CRDII, MME and EB-A. The MLE method joins the best
clump as m increases. Note that the asymptotic optimality
of these methods is not visible for m ≤100. Figure 4 shows
that as the number of class observations (n) increases, the
average loss of all methods decreases.

Figures 5 and 6 show the effect of changes in values of α

and β on the average losses and the relative performances
of the methods. According to these graphs, the average loss
increases asβ increases andα decreases, and the relative per-
formance of forecasting methods is not sensitive to changes
in values of these parameters.
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Fig. 4. Average losses against n for the λ = 1 model.

Figure 7 is the probability-loss graph for BAYES and
methods in the best group, i.e., CRDI, CRDII, MME and
EB-A. The methods closest to the northwest corner of the
graph have the best performance. The graph shows that for
m ≥ 10, the five methods perform approximately the same.

Fig. 5. Average losses against β for the λ = 1 model.

Table 3 summarizes the probability of type-I errors for
the hypotheses of Equations (30) and (31), where M1 is a
column method and M2 is a row method. This table shows
the pair-wise significance among the methods’ median of
losses, where methods are ordered based on their relative
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Fig. 6. Average losses against α for the λ = 1 model.

performance. The best five methods are BAYES, CRDII,
CRDI, EB-A and MME.

The above results show that although model parame-
ters affect the performance of each method, they have little

Fig. 7. Probability-loss graph averaged on n, α, and β for the various methods in medium performance cluster for the λ = 1 model,
when c = 1.

effect on the methods’ relative performance. The results
also support the fact that more information in both class
and observation dimensions (m and n) increases the perfor-
mance of forecasting methods. Finally, the results rank the
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Table 3. Pair-wise sign test for λ = 1; H0: Median (Col) = Median (Row) vs. Ha : Median (Col) > Median (Row)

BAYES CRDII CRDI EB-A MME MLE EB-B CAVG OAVG

BAYES 0 0 0 0 0 0 0 0
CRDII 1 0 0 0 0 0 0 0
CRDI 1 1 0.0001 0 0 0 0 0
EB-A 1 1 0.9999 0 0 0 0 0
MME 1 1 1 1 0 0 0 0
MLE 1 1 1 1 1 0.7529 0.0001 0
EB-B 1 1 1 1 1 0.2623 0 0
CAVG 1 1 1 1 1 0.9999 1 0
OAVG 1 1 1 1 1 1 1 1

best four empirical methods as CRDII, CRDI, EB-A and
MME.

5.2.2. Relative robustness of forecasting methods when
λ = 10

Equation (8) provides a Bayes estimate of the flow time
when the flow time follows an exponential distribution.
However, when the exponential distribution assumption is
not satisfied, Equation (8) is no longer the minimum loss es-
timator. We are interested in investigating the performance
of the other methods under such conditions. The results of
a comparative simulation, when the flow time of each class

Fig. 8. Average losses against m for the λ = 10 model.

Table 4. Pair-wise sign test for λ = 10; H0: Median
(Col) = Median (Row) vs. Ha : Median (Col) > Median (Row)

CRDII CRDI CAVG EB-A MME MLE EB-B OAVG

CRDII 0 0 0 0 0 0 0
CRDI 1 0 0 0 0 0 0
CAVG 1 1 0 0 0 0 0
EB-A 1 1 1 0 0 0 0
MME 1 1 1 1 0 0 0
MLE 1 1 1 1 1 0 0
EB-B 1 1 1 1 1 1 0
OAVG 1 1 1 1 1 1 1
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Fig. 9. Probability-loss graph averaged on n, α, and β, for the various methods in medium performance cluster for the λ = 10 model
when c = 1.

follows a gamma distribution with parameters λ = 10 and
θi, are shown in Figs. 8 and 9 and listed in Table 4.

Figure 8 shows the average loss as a function of m.
Methods CRDI, CRDII and CAVG have the smallest loss.
Figure 9 depicts the probability-loss graph, and shows that
these three methods also dominate the other methods in
terms of our probability-loss measure. Table 4 summarizes
the probability of type-I errors for the hypotheses of
Equations (30) and (31), where M1 is a column method
and M2 is a row method. This table shows the pair-wise sig-
nificance among the methods’ median of losses, where the
methods are ordered based on their relative performance.
This table shows that CRDII performs better than the other
empirical forecasting methods in this study.

According to the results of this experiment, the credibil-
ity methods (CRDI and CRDII) are robust and dominate
other methods in both experiments, whereas the empirical
Bayes methods (EB-A, EB-B, MME and one-step MLE)
are flimsy with respect to the change of distribution. The
fact that credibility forecasts do not rely on the distribution
form of the flow times justifies this outcome. The results
also suggest that a careless use of complex models may re-
sult in a poor forecast quality, which can even be of a poorer
quality than simple models such as CAVG can provide.

6. Conclusions

We addressed the problem of forecasting flow times of
multi-class jobs in a system where limited prior flow time

observations for each class were available. Our objective was
to use different Bayesian forecasting methods to directly
forecast job flow times when minimizing loss as defined by
the sum of squared errors. The methods were grouped ac-
cording to the type and availability of information on the
parameters of the problem assumptions, from which opti-
mal forecasts were determined.

We argued that the combined effects of controllable and
uncontrollable factors on the flow time result in a random
increase above the minimal flow time for each job class.
We assumed this random increase follows an exponential
distribution with its parameter following a gamma distri-
bution, the standard conjugate of exponential distribution.
This assumption is very reasonable when modeling practi-
cal situations, and it provided us with some mathematical
tractability in our derivations. However, when the math-
ematical tractability provided by the standard conjugate
does not exist, Markov chain Monte Carlo simulation (see
for example Brooks (1998)) may be used as a general pro-
cedure for estimating flow times.

A simulation study was conducted to compare the per-
formances of these methods when model assumptions are
satisfied or violated. Our simulation study showed that ig-
noring class structure by combining all observations into
one class provides the worst forecasts. It also showed
that when the class structure is considered, the choice
of estimators employed by different methods had an im-
pact on the quality of the forecast. For example, meth-
ods EB-A and EB-B, which differ in the choice of es-
timators, did not provide the same quality of forecasts.
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Similar observations were made for methods CRDI and
CRDII.

In practice, the degree to which the underlying theo-
retical assumptions of a forecasting method are satisfied
changes over its application life. Thus, it behooves the
practitioners to select a forecasting method that is simple
yet robust. Our simulation results show that when both
simplicity of the forecasting method and the quality of
its forecast are important, using credibility (CRDI and
CRDII) methods ranks high on the list of candidate fore-
casting methods. The results also show that complex mod-
els with inaccurate assumptions can produce forecasts with
lower quality than those provided by simple models such as
CAVG.
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Appendix

Proof of Theorem 1. Let D(m) = E[(Xi − XEB
i )2] − E[(Xi −

XB
i )2]. Notice that since the conditional expectation is a

projection in the L2-space, the following equality holds:

E
[(

Xi − XEB
i

)2] − E
[(

Xi − XB
i

)2] = E
[(

XB
i − XEB

i

)2]
.

The reason for this is that the above equality is a conse-
quence of Pythagoras’ theorem. A more detailed proof of
the above equality is as follows:

D(m) = E
[(

Xi − XEB
i

)2 − (
Xi − XB

i

)2]
,

= E
[
(Xi − XB

i + XB
i − XEB

i

)2 − (
Xi − XB

i

)2]
,

= E
[(

Xi − XB
i

)2 + (
XB

i − XEB
i

)2

+ 2
(
Xi − XB

i

)(
XB

i − XEB
i

) − (
Xi − XB

i

)2]
,

= E
[(

XB
i − XEB

i

)2] + 2E
[(

Xi − XB
i

)(
XB

i − XEB
i

)]
,

= E
[(

XB
i − XEB

i

)2]
,

where the last equality follows from the fact that E[(Xi −
XB

i )(XB
i − XEB

i )] = 0 as shown below:

E
[(

Xi − XB
i

)(
XB

i − XEB
i

)]
= EE

[(
Xi − XB

i

)(
XB

i − XEB
i

) | all X ′
ijs

]
= E

[
E

[(
Xi − XB

i

) | all Xijs
]
(XB

i − XEB
i

)] = 0,

since (XB
i − XEB

i ) is a function of the Xijs, and

E
[(

Xi − XB
i

) | all Xijs
] = E[Xi | all Xijs] − XB

i

= E[Xi | Xij : j = 1, . . . , ni] − XB
i

= XB
i − XB

i = 0.
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Moreover, we have that:

XB
i − XEB

i =
(

β +
ni∑

j=1

Xij

)
(α + ni − 1)−1

−
(

β̂ +
ni∑

j=1

Xij

)
(α̂ + ni − 1)−1,

= β(α̂ − α) + α(β − β̂)
(α + ni − 1)(α̂ + ni − 1)

= βα̂ − αβ̂

(α + ni − 1)(α̂ + ni − 1)
,

which means that (XB
i − XEB

i )
p→ 0 as m → ∞, since by

assumptions α̂
p→α and β̂

p→β. Consequently, (XB
i −

XEB
i )2 p→0 as m → ∞, because convergence in probability is

preserved under continuous transformation. Also note that:∣∣XB
i − XEB

i

∣∣ =
∣∣∣∣ βα̂ − αβ̂

(α + ni − 1)(α̂ + ni − 1)

∣∣∣∣
≤ βα̂ + αβ̂

(α + ni − 1)(α̂ + ni − 1)
≤ βN1 + αN2

(ni − 1)2
.

Therefore, D(m) = E[(XB
i − XEB

i )2] → 0 as m → ∞ by
the bounded convergence theorem, since (XB

i − XEB
i )2 p→ 0

and |XB
i − XEB

i | is bounded.
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